Eisenstein polynomials are defined by Oura, which are analogues of the concept of the Eisenstein series. Oura conjectured that there exist some analogical properties between the Eisenstein series and Eisenstein polynomials. In this paper, we provide the new analogical properties of the Eisenstein polynomials and zeta polynomials. It is considered that these properties are the finite analogies of some properties of the Eisenstein series.
Introduction
In the present paper, we discuss some analogies between the Eisenstein series, the Eisenstein polynomials, and the zeta polynomials. Let us explain the Eisenstein series and the Eisenstein polynomials. For g ∈ N, let
where J g = 0 1 g −1 g 0 , and 1 g is the identity matrix of degree g. Let H g be the Siegel upper half plane, namely,
Let f be a holomorphic function on H g . Then f is called a Siegel modular form for Γ g of weight k if f satisfies
and if f is also holomorphic at cusps. We denote the ring of the Siegel modular forms with M(Γ g ). The Siegel modular forms is considered to be the Γ g -invariant function in some sense (see [4, 5, 7] for the details of the Siegel modular forms). We introduce as typical examples of the Siegel modular forms. For g ∈ N, let ∆ g,0 := * * 0 n * ∈ Γ g , where 0 g is the zero matrix of degree g. The Siegel Eisenstein series is defined as follows:
for even k > g + 1, where the summation is over a full set of representatives for the coset ∆ g \Γ g .
In the following, we introduce the Eisenstein polynomial. Let
Then H g acts on the space C[x a : a ∈ F g 2 ] in the natural way and we define the H g -invariant subspace of C[x a : a ∈ F g 2 ] as follows:
We introduce a typical example of the elements of
Hg . The Eisenstein polynomial defined by Oura [11, 13] :
It is easy to show that the Eisenstein polynomial is in
Hg , we construct the element of Γ g as follows:
The map T h is called the theta map. The elements of both of M(Γ g ) and
Hg are considered as the group "invariant functions" and the Eisenstein series and the Eisenstein polynomial are "average functions" of the groups. Therefore, these two objects are expected to have similar properties.
Hg , it is expected that f and T h(f ) have similar properties. Table 1 is a summary of our objects. 
Hg
Eisenstein series Eisenstein polynomials f T h(f )
In the following, we study for the case g = 1. The explicit generators of H 1 is written as follows:
Then the Eisenstein polynomial ϕ
is written as follows:
It is known that the ring C[x 0 , x 1 ] H 1 is generated by two elements [15] :
Therefore, for ℓ ≡ 0 (mod 4) and ℓ = 4, ϕ
ℓ (x 0 , x 1 ) multiple some constant with the coefficient of x ℓ 0 is equal to one. We give some examples.
ℓ ϕ
In [12, 9] Oura reported certain observations that relate to some analogies between the Eisenstein series and Eisenstein polynomials. Suppose p is a prime number and v p the corresponding calculation of the field Q. a ∈ Q is called p-integral if v p (a) ≥ 0. Eisenstein series have the following properties:
(1) All the zeros of the Eisenstein series are on the circle {e
(2) The zeros of the Eisenstein series ψ [10] .
(3) For odd prime p with p ≥ 5, the coefficients of the Eisenstein series ψ
Oura's conjecture is that the analogous properties of (1), (2), and (3) also hold for T h( ϕ m ). Namely,
(3) Let p be an odd prime. The coefficients of T h( ϕ
In order to explain our results, we introduce the zeta polynomials, which was defined by Duursma [1] . Analogous to coding theory, we say f ∈ C[x 0 , x 1 ] the formal weight enumerator of degree n if f is a homogeneous polynomial of degree n and the coefficient of x n 0 is one. Also when we write
The following lemma follows:
. Let f be a formal weight enumerator of degree n, d the minimum distance and q any real number not one. Then there exists a unique polynomial P f (T ) ∈ C[T ] of degree at most n − d such that the following equation holds:
). For a formal weight enumerator f , we call the polynomial P f (T ) determined in Lemma 1.1 the zeta polynomial of f with respect to q. If all the zeros of P f (T ) have the absolute value 1/ √ q, f satisfies the Riemann hypothesis analogues (RHA).
We investigate the zeta polynomials of the Eisenstein polynomials for q = 2. In the following, we always assume that q = 2. The first few examples are as follows: 
The main purpose of the present paper is to show that Oura's observation for the zeta polynomial associated with the Eisenstein polynomials holds:
(2) The zeros of P (T ) are p-integral.
(II) Let p be an odd prime. Then the coefficients of ϕ
(III) Conjecture 1.1 (3) is true.
In Section 2, the proof of Theorem 1.1 is provided along with concluding remarks.
Proof of Theorem 1.1
In this section, we provide the proof of Theorem 1.1.
Preliminaries
To prove Theorem 1.1, we review some properties of the Eisenstein polynomials and zeta polynomials.
The explicit form of the Eisenstein polynomials ϕ
Theorem 2.1 (cf. [16] ).
The zeta polynomial P f (T ) associated with f relates the following to the normalized weight enumerator of f :
we define the normalized weight enumerator as follows:
P f (T ) and N f (t) has the following relation:
Theorem 2.2 (cf. [3] ). For a given formal weight wnumerator f (x, y) with minimum distance d, the zeta polynomial P f (T ) and the normalized weight enumerator N f (t) are related by
To show Theorem 1.1, we provide the explicit formula of the zeta function associated with the Eisenstein polynomials: Theorem 2.3. The zeta polynomial associated to the Eisenstein polynomials ϕ H 1 ℓ written as follows:
is the normalized weight enumerator of ϕ
Then, by Theorem 2.2, we have
Then we have
Proof of Theorem 1.1
In this section, we provide the proof of Theorem 1.1. First, the following lemma is shown using the proof of Theorem 1.1:
Lemma 2.1. For ℓ = 2(p − 1) for some odd prime p with p = 5,
Proof. We divide into two cases. that for ℓ = 2(p − 1) for some odd prime p with p = 5,
(Note that ϕ
4 (x 0 , x 1 ) ≡ 0. Therefore we exclude the case p = 3.) We divide into two cases.
Let p = 4n − 1 for some n ∈ N. Then (−1)
Let us start the proof of Theorem 1.1.
Proof of Theorem 1.1. For (I)- (1) and (I)- (2), it is clear by Theorem 2.3. We show (I)-(3). we recall that
Let ℓ = 4m. If m is even, then
If m is odd, then
By Lemma 2.2, the proof of Theorem 1.1 (I)- (3) are p-integral. For g = 1, the theta map f 0 and f 1 have integral Fourier coefficients. Therefore, the proof is completed.
Concluding Remarks
Remark 2.1.
1. In the present paper, we study the case genus one. For the cases g > 1, do the analogies still hold?
2. The group H 1 is an example of the finite unitary reflection groups.
These groups are classified in [15] , which gives rise to a natural question: for the other unitary reflection groups, do the analogies still hold?
